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Let C+ denote the class of cocomparability graphs. We characterize t+ by a distance inequality. 
As a consequence we show: If GE+, then the kth power Gk also belongs to CC/C, for any k= 1. 
As a further result we get that such graphs Gk (G ~co/c, kr2) have no induced subgraphs 
isomorphic to Kt.4 or Kz3. 
1. Introduction 
We consider finite, simple, undirected graphs G = (V, E). G is called the cocom- 
parability graph of the poset P if the vertices of G are the elements cf P, and two 
vertices are adjacent iff the corresponding elements of P are incomparable. The 
class of all cocomparability graphs of finite posets is denoted by CM+. The com- 
plements of such graphs, the comparability graphs, have been studied extensively 
(cf. [9] for algorithmic aspects). 
For basic graph and order theoretic notions not mentioned here we refer e.g. to 
L91. 
For two vertices X, ye V, the distance d(x,y) is the length (i.e., the number of 
edges) of a shortest path between x and y. If there is no such path, d&y) remains 
undefined. Let k be a positive integer. The kth power Gk = (V, Ek) of G = WE) is 
the graph with vertex set V, where two vertices are adjacent iff their distance in G 
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is at most k. To study graph powers, it is clearly sufficient o consider the connected 
components. 
Several results concerning the question whether the operation of power preserves 
membership of a graph to a certain graph class are known: 
Duchet proved in [6]: If Gk is a chordal graph, then Gk+2 is also chordal. Conse- 
quently, every odd power of a chordal graph is chordal. This is in general not true 
for even powers. But if G is strongly chordal, then all powers of G are strongly chor- 
dal, too [8,3]. The last result has been improved by Raychaudhuri [ll]: Gk-’ is 
strongly chordal implies that G” is strongly chordal. The same author proved an 
analogous result for (proper) interval graphs [lo]. Further, all powers of circular arc 
graphs are circular arc graphs [ 111. Powers of special chordal graphs have been 
studied also in [2,7] and other papers. 
Here we add a new result o this list: If G t~eo/c, then Gk E+ for any k 11. This 
is a consequence of a characterization f the class by a distance inequality given in 
Section 2. Modifying this inequality, we get a characterization of proper interval 
graphs. 
In Section 3, we use our distance characterization to study the structure of graphs 
Gk (G l ec/t, kr2). In particular, we prove that & and KZs cannot be induced 
subgraphs of such powers Gk. On the other hand, we show for every fixed k that 
every cocomparability graph of a bipartite poset is an induced subgraph of the 
power Gk of a suitable graph G l co/t . 
2. A characterization of cocomparability graphs 
A layout of a graph G = (V, E) is an enumeration (or, . . . , u,) of the vertex set, or, 
in other words, a linear ordering of I/. We will simply write ujC uj when i< j. 
A layout is called a +-layout if there exists no triple X, y, z with x<y<z such 
that xy$ E, yz$ E, xz E E. It is a well-known fact that GE+ if and only if G 
possesses a +-layout 14,6]. 
Starting from this, we give another characterization: 
Theorem 1. Let G be a connected graph. Then G ~co/c iff G has a layout such that 
d(x,3~)+d(y,z)Id(x,z)+2 
holds for all x<y<z. 
Proof. Suppose G ~co/c, and consider a co/L-layout of G. Let P be a shortest path 
connecting vertices x and z. 
Case 1: y belongs to P. Then the two sections of P ending in y are shortest paths 
between x, y and y, z, respectively. Hence, d(x,z) =d(x, y) +d(y,z), and the ine- 
quality is satisfied. 
Case 2: y does not belong to P. Evidently, there exists an edge uw of P such that 
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v CY< w. Since we are in a +-layout, v or w must be adjacent o y, say vy E E. So 
d(x, y&d@, v) + 1 and d(y, z&d@, z) + 1. By adding the two inequalities we 
obtain: 
d(x, y) + d(y, z) = d(x, v) + d(v, z) + 2 = d(x, z) + 2. 
The case wy~ E is analogous. 
Conversely, consider a layout of G satisfying our inequality. For xcy CZ, xy $ E, 
yz $ E, xz E E we have d(x, z) = 1, d(x, y) + d(x, z) ~2 + 2, a contradiction. Hence, 
such a triple cannot exist, and G is therefore a cocomparability graph. q 
Theorem 2. A connected graph is a proper interval graph iff it has a layout such 
that 
d(x, Y) + d(y, z) 5 d(x, z) + 1 
holds for all xcycz. 
This can be proved by arguments similar to that in Theorem 1, starting from the 
layout characterization f proper interval graphs in [S]: A graph is a proper interval 
graph iff it admits a layout without triples x<y< z such that xy E E, yz$ E, xz E E 
or xy@E, YZEE, XZEE, 
Since Theorem 2 plays no role in the following, we omit the proof. 
3. Powers of cocomparability graphs 
Throughout his section, let be G E+, and let k 2 2 be an integer. Further, let 
L be a cofc-layout of G, and let Lk be that layout of Gk where the vertices are 
ordered as in L. By d(. , .) we denote the distance function in G. The value d(x, y) 
is sometimes called the length of the pair xy. 
Theorem 3. GE+ implies G’Ec+. 
Proof. First suppose that G is connected. Assume Lk is not a +-layout. Then 
there exist three vertices xcycz such that xz is an edge of Gk, and xy, yz are 
nonedges. So d(x, y) 1 k + 1, d( y, z) L k + 1, and d(x, z) I k. Using Theorem 1, we get 
2k + 2~ k+ 2, a contradiction. This shows that Lk is a +-layout, thus Gk E+. 
In the general case, all connected components of Gk belong to +, due to the 
above. Since disjoint unions of cocomparability graphs also belong to +, we have 
Gk~co/l. Cl 
From Theorem 2 we can conclude an analogous result for proper interval graphs, 
but Raychaudhuri [lo] has already proved a stronger esult: If Gk-’ is a proper in- 
terval graph, then so is Gk. 
It is an open problem whether Gk - ’ E C+ already implies Gk et+. 
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Theorem 3 says that + is closed under the operation of power. But the class of 
all powers Gk (GE+, kz2) is much smaller than the whole +. In the rest of this 
paper, we will see that many distances in G are uniquely determined by certain in- 
duced subgraphs of Gk, and that some induced subgraphs cannot occur in Gk. 
Lemma 4. If x<y<z, xyeEk, xzcEk, and yzeEk, then: 
d&A= 1, d(x, z) = k, p d(y,z)=k+l. 
This is an easy consequence of Theorem 1. Clearly, Lemma 4 holds also when 
“<” is replaced by “>“. 
Lemma 5. Let C4 be an induced subgraph of Gk. Then two opposite dges have 
length k, the two others have length 1, and the diagonals have length k + 1. 
Proof. Note that Cd has only three nonisomorphic layouts. In all three cases, Lem- 
ma 4 is applicable. One case is contradictory, and the two others yield the asserted 
distances. q 
Lemma 6. Let KI,3 be an induced subgraph of Gk. Then we have (up to isomor- 
phism) the folio wing distances: 
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Proof. The dib*ances between any two vertices of {x, y, z> are at least k + 1 and at 
most 2k. W.1.o g. let x<y<z in L. Then Theorem 1 yields d(x,z)=2k and 
d(w)=d(xz)= f:- + 1. Since d(x, w) and d( w, z) are at most k, d(x, z) = 2 k implies 
that k is the exact v qlue. In L, we have consequently x< w < z, otherwise Theorem 
1 fails (remember kz2! ). So either ( w,x, y} or (w, y, z] builds the sublayout con- 
sidered in Lemma 4. Hence d( w, y) = 1. Cl 
Now, we use w4at precedes to give some forbidden subgraphs: 
Theorem 1. Gk (kl2) dot: not include an induced K1,4 or KS 3, respectively. 
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Proof. Let u, x, y, z be the independent vertices of an induced K1,4. Consider the 
induced KI,3 without u. Due to Lemma 6, one edge has length 1, w.1.o.g. that with 
end vertex y. Now consider the KI,3 without y. Then the edge ending in u has 
length 1. This implies d(u, y)= 2, hence uy &, a contradiction. 
In Kz3 we have three induced C4 which are associated in such a way that Lemma 
5 leads to a contradiction. Cl 
Our final consideration shows that the class of all Gk (GE+, k fixed) is not 
“too small”. 
A poset P is called bipartite if its set of elements can be partitioned into two an- 
tichains X, Y. Equivalent characterizations are: P has no chain of three elements; 
all elements of P are minimal or maximal; the cocomparability graph of P is comple- 
ment of a bipartite graph. 
Theorem 8. Let k be a positive integer. For every bipartite poset P there exists a 
graph G ~ac/t such that the cocomparability graph H of P is an induced subgraph 
of Gk. 
Proof. The case k = 1 is trivial; let kz 2. Suppose that the elements of X (Y) are 
minimal (maximal) in P. By F we denote the set of nonedges between X, Y in the 
Hasse diagram of P. In other words: F is the set of incomparable pairs xy where 
XE X, y E Y. We con4truct a graph G = (V, E) in the following way: 
v=XU YU{fi,...,fk-,:fEF} 
(i.e., we associate k - 1 vertices to each edge of F), 
E={fJ+,: feF, i=l,..., k_2}U{Jgi:f,gCF, i=l,...,k-1) 
U (xfi : x E X, x, f are incident in H) 
U ( fk _ 1 y: y E Y, f, y are incident in H} 
U (uv: u,vCX or u,ve Y}. 
Note that X, Y are cliques and that xy E Ek (xeX, YE Y) iff x, y are adjacent in H. 
SO H is an induced subgraph of Gk. It remains to show that G E+. For this we 
define a poset Q as follows: 
l The elements of Q are the vertices 0% G. 
l We assign a height h(v) to each element v of Q: The elements of X have the 
height 0, the elements of (A: f E F) have the height i, and the elements of Y have 
the height k. 
l Two elements which have the same height are incomparable. 
l If h(w) = h(v) + 1, then v, w are incomparable iff they are adjacent in G. Other- 
wise we set v< w in Q. 
0 If h(w)> h(v) + 1, then we always set v < w. 
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It is obvious that Q is well defined and that G is the cocomparability graph of 
Q, hence GE+. 0 
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